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It is recognized that Emden--Fowler equations have a number of applications in physics and engineering; see, e.g., Berkovich ([@CR2]). As a result, there has been a great deal of interest in investigating the oscillation or nonoscillation of differential equations; see, e.g., Hale ([@CR7]), Džurina and Stavroulakis ([@CR5]), Li ([@CR13]), Li et al. ([@CR10], [@CR11], [@CR9]), Li and Rogovchenko ([@CR12]), Erbe et al. ([@CR6]), Manojlović ([@CR15]), Wang and Yang ([@CR17]), Wang ([@CR18]), Liu et al. ([@CR14]), Shi et al. ([@CR16]), Baculíková and Džurina ([@CR1]), Bohner and Li ([@CR3]), Yang et al. ([@CR21]), Xu and Meng ([@CR19], [@CR20]). As we known, many results of half-linear or nonlinear equations with positive neutral coefficients were established, see, e.g., Baculíková and Džurina ([@CR1]), Erbe et al. ([@CR6]), Li et al. ([@CR10], [@CR11]), Li and Rogovchenko ([@CR12]), Liu et al. ([@CR14]), Shi et al. ([@CR16]), Yang et al. ([@CR21]), Xu and Meng ([@CR19], [@CR20]). The equations with nonpositive neutral coefficients have been applied to practical life; see, for instance, Brayton ([@CR4]) and Kuang ([@CR8], sec. 1.1.7) provided a model about the system with lossless transmission lines. And, there have been a few oscillation and asymptotic results of the equations with nonpositive neutral coefficients, see, e.g., Bohner and Li ([@CR3]), Erbe et al. ([@CR6]), Li et al. ([@CR9]), Yang et al. ([@CR21]). In the following, we provide some background details which motivated our research. Manojlović ([@CR15]), Wang ([@CR18]), and Wang and Yang ([@CR17]) considered the half-linear differential equation$$\documentclass[12pt]{minimal}
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### **Theorem 1** {#FPar1}
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### *Proof* {#FPar2}
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### **Corollary 2** {#FPar6}
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### *Proof* {#FPar8}
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### *Remark 1* {#FPar9}

Theorem 1--3 and Corollaries 1 and 2 are the oscillation and asymptotic results of ([1](#Equ1){ref-type=""}) under the assumption that $\documentclass[12pt]{minimal}
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                \begin{document}$$(H_5)$$\end{document}$. Therefore, the results of Li et al. ([@CR9]), Erbe et al. ([@CR6]) can not apply to Eq. ([1](#Equ1){ref-type=""}).

Oscillation of Eq. ([1](#Equ1){ref-type=""}) when $\documentclass[12pt]{minimal}
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--------------------------------------------------------------------------------

### **Theorem 4** {#FPar10}
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                \begin{document}$$\begin{aligned} \int _{t_0}^\infty \left[ \rho (t){\overline{p}}(t)- \frac{M^{1-\frac{\beta }{\alpha }}\left( \rho ^{\prime }(t)\right) ^2(r(\sigma (t)))^{\frac{1}{\alpha }}}{4\beta \sigma ^{\prime }(t)\rho (t)(\xi (t))^{\beta -1}}\right] {\mathrm{d}}t =\infty , \end{aligned}$$\end{document}$$ *where* $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi (t)=\int _{t_1}^t r^{-1/{\alpha }}(s) {\mathrm{d}}s$$\end{document}$, *then the* Eq. ([1](#Equ1){ref-type=""}) *is oscillatory*.

### *Proof* {#FPar11}

See "[Appendix](#Sec7){ref-type="sec"}". $\documentclass[12pt]{minimal}
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Letting $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \begin{document}$$\rho (t)=1$$\end{document}$, we can get the following result.

### **Corollary 3** {#FPar12}
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                \begin{document}$$\begin{aligned} \int _{t_0}^\infty q(t)(1-p(\sigma (t)))^\beta {\mathrm{d}}t =\infty , \end{aligned}$$\end{document}$$ *then the* Eq. ([1](#Equ1){ref-type=""}) *is oscillatory.*

### *Example 1* {#FPar13}

Consider the second-order nonlinear neutral delay differential equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left( \left| \left( x(t)+\left( 1-t^{-\frac{1}{2}}\right) x(\tau (t))\right) ^{\prime }\right| ^{\alpha -1}\left[ x(t)+\left( 1-t^{-\frac{1}{2}}\right) x(\tau (t))\right] ^{\prime }\right) ^{\prime }+\frac{\gamma }{t^2}|x(t)|x(t)=0, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta =2, \alpha \ge 2, r(t)=1, p(t)=1-t^{-\frac{1}{2}}, \sigma (t)=t,\; \text {and} \;q(t)=\frac{\gamma }{t^2}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} &\int _T^t\left[ \rho (t){\overline{p}}(t)- \frac{\left( \rho ^{\prime }(t)\right) ^2(r(\sigma (t)))^{\frac{1}{\alpha }})}{4\beta \sigma ^{\prime }(t)M^{1-\frac{\beta }{\alpha }} \rho (t)(\xi (t))^{\beta -1}}\right] {\mathrm{d}}s= \int _T^t \left[ \frac{\gamma }{s}-\frac{1}{2K^{1-\frac{2}{\alpha }}(s-t_1)}\right] {\mathrm{d}} s\\&\quad =\gamma \ln t-\frac{1}{2M^{1-\frac{2}{\alpha }}}\ln (t-t_1)-\gamma \ln T+\frac{1}{2M^{1-\frac{2}{\alpha }}}\ln (T-t_1). \end{aligned}$$\end{document}$$Therefore, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _T^{\infty }\left[ \rho (t){\overline{p}}(t)- \frac{\left( \rho ^{\prime }(t)\right) ^2(r(\sigma (t)))^{\frac{1}{\alpha }})}{4\beta \sigma ^{\prime }(t)M^{1-\frac{\beta }{\alpha }} \rho (t)(\xi (t))^{\beta -1}}\right] {\mathrm{d}}s=\infty . \end{aligned}$$\end{document}$$It follows from Theorem 4 that all solutions of ([28](#Equ28){ref-type=""}) are oscillatory if $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma > \frac{1}{M^{1-(2/{\alpha })}}$$\end{document}$ from Theorem 1 in Liu et al. ([@CR14]). That is, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{1}{2M^{1-(2/{\alpha })}}<\gamma \le \frac{1}{M^{1-(2/{\alpha })}}$$\end{document}$, then Theorem 1 in Liu et al. ([@CR14]) can not apply to ([28](#Equ28){ref-type=""}).

### *Remark 2* {#FPar14}

From Theorem 4, the Eq. ([28](#Equ28){ref-type=""}) is oscillatory if $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma > \frac{1}{2M^{1-(2/{\alpha })}}$$\end{document}$. However, from Theorem 1 in Liu et al. ([@CR14]), when $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma > \frac{1}{M^{1-(2/{\alpha })}}$$\end{document}$, the Eq. ([28](#Equ28){ref-type=""}) is oscillation. Thus, Theorem 4 improves Theorem 1 in Liu et al. ([@CR14]) in the case where $\documentclass[12pt]{minimal}
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Examples {#Sec5}
========

In this section, we will present two examples to illustrate the main results.

*Example 2* {#FPar15}
-----------

Consider the second-order nonlinear neutral delay differential equation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left( \left| \left( x(t)-\frac{1}{2} x(t-2)\right) ^{\prime }\right| ^{\alpha -1}\left[ x(t)-\frac{1}{2} x(t-2)\right] ^{\prime }\right) ^{\prime }+2\left( \frac{e^2}{2}-1\right) ^2|x(t)|^{\beta -1}x(t)=0, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$x(t)=e^{-t}$$\end{document}$ is an asymptotic solution of ([29](#Equ29){ref-type=""}).

*Example 3* {#FPar16}
-----------

Consider the second-order nonlinear neutral delay differential equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left( \left| (x(t)-\lambda _0 x(\tau (t)))^{\prime }\right| ^{\alpha -1}[x(t)-\lambda _0 x(\tau (t))]\right) ^{\prime }+\frac{\gamma }{t^2} |x(\sigma _0t)|^{\beta -1}x(\sigma _0t)=0, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$0<\lambda _0<1, 0<\sigma _0<1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\sigma (t)=\sigma _0t$$\end{document}$.

Letting $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho (t)=\frac{\gamma }{2} \frac{\beta \sigma _0\left( t-\frac{t_1}{\sigma _0}\right) ^{\beta -1}}{K^{1-\frac{\beta }{\alpha }}}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \xi (t)&= {} \int _{t_1}^t r^{-\frac{1}{\alpha }}(s) {\mathrm{d}}s=t-t_1,\\ \Phi (t)&= {} \frac{\beta \sigma ^{\prime }(t)(\xi (\sigma (t)))^{\beta -1}}{K^{1-\frac{\beta }{\alpha }}\rho (t)(r(\sigma (t)))^{\frac{1}{\alpha }}} =\frac{\beta \sigma _0(t-\frac{t_1}{\sigma _0})^{\beta -1}}{K^{1-\frac{\beta }{\alpha }}\rho (t)}=\frac{2}{\gamma } , \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \limsup _{t\rightarrow \infty }\frac{1}{(t-s)^2}\int _{t_0}^t\left[ (t-s)^2q(s)-\frac{1}{\Phi (s)}\right] {\mathrm{d}}s=\limsup _{t\rightarrow \infty }\frac{1}{(t-s)^2}\int _{t_0}^t\left[ \gamma (\frac{1}{2}-\frac{2t}{s}+\frac{t^2}{s^2})\right] {\mathrm{d}}s=\infty . \end{aligned}$$\end{document}$$That is, ([17](#Equ17){ref-type=""}) holds. It follows from Corollary 2 that all solutions of ([30](#Equ30){ref-type=""}) are oscillatory or converge to zero.

*Remark 3* {#FPar17}
----------
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                \begin{document}$$\alpha >\beta$$\end{document}$, the results of Erbe et al. ([@CR6]) and Li et al. ([@CR9]) can not apply to ([29](#Equ29){ref-type=""}) and ([30](#Equ30){ref-type=""}). The results of Liu et al. ([@CR14]) and Shi et al. ([@CR16]) also can not apply to ([29](#Equ29){ref-type=""}) and ([30](#Equ30){ref-type=""}) because $\documentclass[12pt]{minimal}
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Conclusion {#Sec6}
==========

In this paper, we consider the oscillation of a class of second-order differential equations with positive and nonpositive neutral coefficients. It is difficult to study the nonpositive neutral coefficients equations because the sign of *z* is not explicit. Using Riccati transformation, some oscillation and asymptotic criteria are obtained under the assumptions that $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \ne \beta$$\end{document}$ is allowed. We give some examples to illustrate our results. There are two interesting questions for future study:Could we obtain oscillation criteria for Eq. ([1](#Equ1){ref-type=""}) when $\documentclass[12pt]{minimal}
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                \begin{document}$$-\infty < p(t)\le 1\, \text{or} -\infty<p(t)\le-1$$\end{document}$?Could we obtain some sufficient conditions which ensure that all solutions of ([1](#Equ1){ref-type=""}) are oscillatory?

Appendix {#Sec7}
========

In this section, we give the proof of Theorem 4.

*Proof* {#FPar20}
-------

Assume that *x* is a nonoscillatory solution of the Eq. ([1](#Equ1){ref-type=""}). Without loss of generality, there exists a $\documentclass[12pt]{minimal}
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